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Abstract. In this article, we prove the existence of shock curves for two sys- 
tems in nonconservative form using the product defined by Dal Maso,Lefioch, 
Murat in [T]. One of the systems is strictly hyperbolic with genuinely nonlin- 
ear characteristic fields while the other one has repeated eigenvalues with an 
incomplete set of right eigenvectors (parabolic degeneracy) . The shock curves 
for the two systems are compared based upon a parameter k tending to 0. 



1. Introduction 

This article is devoted to the study of the first order non-conservative systems 

Ut + UUx - cr^r = 0, 

1-1 

at + ua^ = 

and 

Ut + uUx ^ ax — 0, 

2 (1-2) 

at + ua^ ~ k Ux — 

in the domain J7 = {{x,t) : — oo < a; < oo, t > 0}. Here fc is a positive constant. 
In order to implement the approach using the family of paths (we henceforth refer 
to them as DLM paths) for studying a nonconservative system (see the most 

important step to begin with is to prove the existence of a path using which we can 
address the issue of solving the Riemann problem. In this article, we address this 
issue in regard to the systems (jl.ip and (|1.2p . 

The system p.2p is strictly hyperbolic with the eigenvalues given by Xi{u,a) = 
u — k, \2{u,a) = u + k with the corresponding right eigenvectors Ei{u,a) — 

^ ^ , i?2(u, c) = ^ ^fc ) This system arises in elastodynamics and the Rie- 
mann problem for the system was solved using Volpert's product in [2j. 
The system (jl.ip on the contrary fails to be hyperbolic (parabolic degeneracy) since 
it has repeated eigenvalues \\(u, a) = u = A2(u, a) and an incomplete set of right 
eigenvectors. Such systems even when in conservative form are tough to analyse 
due to absence of full set of eigenvectors. In [5] a class of such systems in conserva- 
tive form had been studied and it was shown that singular concentrations tend to 
develop in one of the dependent variables. Motivated by this, existence of singular 
solutions to had been studied in |3] using the method of weak asymptotics. 

But a seemingly more interesting question in this context is to examine the exis- 
tence of a DLM path so as to be able to find a shock-wave solution to (jl.ip for 
Riemann type initial data. It has been shown in |3j that the Riemann problem for 
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(jl.ip cannot be solved using Volpert's product. 

Another interesting question would be to explore the connection between the solu- 
tions of and (|1.2[) as k tends to 0. 

We recall that a DLM path is a locally Lipschitz map (j) : [0, 1] x x 
satisfying the following properties: 

1. (t>{Q\VL,VR) = vl and 4>{1;vl,vr) = vr for any vl and vr in M^, 

2. (/)(t; u, v) = V, for any v in and t S [0, 1], 

3. For every bounded set il of M^, there exists k > 1 such that 

\4'tit;vL,VR) - (f>t{t;wL,WR)\ < k\{vL - wl) - [vr - wr)\, 

for every vl,vr,wl, wr in Vl and for almost every t G [0, 1]. 
The paths (j) = {4>i,4>2) and (j) — {4'1t4'2) given by 



(j>i{t;uL,UR) = 



UL + 2t{uR-UL), t e [0, i], 
^{t;v,,VR):r'''''-'-'''-\uR,te[^„l]. (1.3) 
h{t;(JL,OR) = CTL + t{aR - ctl), t e [0, 1]. 



and 

(j)l[t;UL,UR) 



(l}{t;vL,VR) : < 



UL + 2t{uR-UL), t e [0, i], 

Ufl^, t £ [i, 1] 

«TL, t e [0, i], 



(1.4) 



where wi, = [ul^ul), vr = {ur,<jr) G K^, satisfy the above conditions and are 
thus examples of DLM paths. 
Given a system 

vt + A{v)v^ = 0, v(x, i) e a; G M, <> 

in non-conservative form with Riemann type initial data: 

v(x, 0) = Vl \i X < 0, v{x, 0) = vr \i x > 0, 

and a DLM path (p, it was shown in [T that a shock wave solution exists with speed 
s if and only livLTVR and s satisfy the following Rankine-Hugoniot(R-H) condition: 

1 

{-si + A{(t){t;vL,VR))}4,t{t]VL,VR)dt = 0, (1.5) 

where / denotes the identity matrix. We remark that the matrix A for the systems 

u —1 \ T A, \ I u —1 



(|l.ip and (|1.2p are given by A{u, a) — \ ^ ^ j and A{u, ct; — . ^ 



',2 



U 



respectively. 

In Section 2, we derive a condition for a DLM path to satisfy the R-H condition 
for the systems ()l.ip and (|1.2p . In Section 3, we show that the curves and 
(j) mentioned above satisfy the R-H condition and find the shock curves for the 
solutions of the Riemann problem for (jl.ip and (|1.2p . 
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2. Condition on a DLM path and the initial data to satisfy the 
Rankine-Hugoniot condition 

In this section, we derive a condition on a DLM path = (1)2) in order that 
it might satisfy the R-H condition (11.51) for the systems (jl.ip and (|1.2[) for given 
Riemann type initial data 

f n\ ( ( n\ I n\\ J^^L ("L, ctl), a; < 0, 
v{x,{y) = {u{x,{y),a{x,Q)) = \ ^ (^-l) 

yvR = [UR,aR), x> 0. 

Lax's admissibihty condition applied to the systems (jl.ip and (|1.2p implies that for 
a shock- wave type solution we must have ul > ur. 

Theorem 2.1. Given initial states vl — {ultCTl) and vr — {ur^ur) and a DLM 
path <j) = (01,02), the R-H condition (II. 5p for the system (|1.1[) is satisfied if 



1 ruli _ r^] 

u' 



Mt;uL,UR){(l>2)t{t;(JL,aR)dt ^ [a] / ^ \ / , (2.2) 



where [u] = (ur — ul) denotes the jump in u and s = ^ is the speed of the 

shock. 

Proof. We recall that for the system (|l.ip we have A{u, c) = ( " ^ ]. Substi- 



tuting this in (jl.Sp . we obtain jj^ 



^ u 

+ -1 \( {4>i)t 

-S + ^i )\ {(f>2)t 

Thus we have the relations 

-s{Mt + M^i)t~{^2)tdt = 0, (2.3) 



and 

r-l 

-si(t>2)t + M(t>2)t dt = 0. (2.4) 

Now (|2.3p on simplification (using the fact (/)i(0) = ul, (/)i(l) = ur, 02(0) = 
02(1) = CTij) gives s = Substituting this in (|2.4p we obtain 

[— ] — [a] 

(j)i{t]UL,UR){cf)2)t{t]crL,(yR)dt = [a]. ^ . 



□ 

Proceeding similarly as in the above theorem, we can prove the corresponding 
result for the system (|1.2p . 

Theorem 2.2. Given initial states vl = {uliO'l) and vr = {ur^gr) and a DLM 
path — (01,02), the R-H condition (jl.5p for the system (|1.2p zs satisfied if 

1 [lii] - [cr] 
(j)i{t;uL,UR){(j)2)t{t;aL,o-R)dt ^ [cr]. ^ |-fc^[u], (2.5) 

where [u] = (uj^ — ul) denotes the jump in u and s = ^ is i/ie speed of the 

shock. 
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matrix A{u, cr) = ( ^,2 ^ ] the system (|1.2p gives the result. □ 



Proof. A similar calculation as in the proof of Theorem 2.1 with the corresponding 

u -1 
k'^ u 

3. Existence of DLM paths satisfying the Rankine-Hugoniot 

condition 

In this section, we prove the existence of DLM paths satisfying the conditions 
(|2.2p and (|2.5|) for the systems and (|1.2p respectively. In particular, we show 
that given a left state vl = (uL,aL) the paths 4> and mentioned in the introduction 
give rise to shock curves passing through vl- Thus for any state vn = (uR^aR) 
(with UR < ul) lying on these curves, we can solve the Riemann problem using a 
shock wave with speed s as given in the previous section. 



Theorem 3.1. Given a left state vl — {ul^ul), the DLM path (j) defined in (jl.Sp 
gives a shock-wave solution for the system with the right states vr, =^ {ur, ur) 

on the shock curve 

Si : a = aL - -{u - ul^ , u < ul- (3.1) 

Proof. The result follows from a straightforward calculation by substituting <j)i and 
(1)2 from (US]) in □ 



Similar to the above theorem for the system (|1.2p we have the following result. 

Theorem 3.2. Given a left state vl — {ul,o-l), the DLM path <j) defined in (|1.3p 
gives a shock-wave solution for the system (|1.2p with the right states vr^ — (u/j, ur) 
on the shock curves 

Si:o = OL- \{{u - ULf - V(^-^iL)^ + 64fc2(M- wi)2), u < ul, (3.2) 



52 : a = (JL - -{{u - ulY + ^ {u - ulY + 6^k^{u ^ ulY), u < ul, (3.3) 
o 

Proof. Substituting and 4>2 from (jl.3l) in (j2.5l) we obtain the following quadratic 
equation in [a]: 

4[a]2 + {uR - Ui)2[(T] - 4fc2(y^ _ ulY = 0. 
The above equation when solved gives us the required expressions for S\ and ^2 . □ 

Remark 3.3. As k tends to 0, the shock curve S2 defined in p.3p for the system 
(|1.2p tends to the shock curve for the system (|l.ip given by (j3.ip . while the other 
shock curve Si degenerates. 

Next we state the analogous results for the DLM path (p defined in (|1.4I) . 

Theorem 3.4. Given a left state vl = [uL^ai,), the DLM path (p defined in (|1.4p 
gives a shock-wave solution for the system (jl.ip with the right states vr = {ur^gr) 
on the shock curve 

Si : a = aL - -(u - ulY , u < ul. (3.4) 

Proof. The result follows from a straightforward calculation by substituting 0i and 
02 from (113) in dl^). □ 
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Theorem 3.5. Given a left state vl — (ultCfl), the DLM path <j) defined in ()1.4p 
gives a shock-wave solution for the system ()1.2|) with the right states vr = {ur^gb) 
on the shock curves 

Si:a = aL- ^{{u - ul)^ - ^ (u ~ ul)^ + mk^u - ul)^), u < ul, (3.5) 

52 : (7 = CTL - - ul)^ + v/(w-ML)4 + 16fc2(M-Ui)2), u < UL. (3.6) 

Proof. Substituting and 02 from (|1.4p in p.Sp we obtain the following quadratic 
equation in [a]: 

2[af + {UR - ULf[a] - 2k^{uR - ulY = 0. 
The above equation when solved gives us the required expressions for 5*1 and ^2 . □ 

Remark 3.6. As k tends to 0, the shock curve S2 defined in p.6p for the system 
(II. 2p tends to the shock curve for the system given by (j3.4p . while the other 

shock curve Si degenerates. 

4. Conclusion 

Thus we have shown the existence of shock-wave solutions for the systems ()l.ip 
and (|1.2p using DLM paths. This result is of more significance in the case of (II. ip 
due to the parabolic degeneracy it exhibits. We also remark that a rarefaction 
wave solution for the system (jl.ll) with Riemann type initial data is not possible. 
Therefore to solve the Riemann problem for arbitrary initial data we might have to 
consider the class of singular solutions. We refer to ^ for a discussion on singular 
solutions for the system (|l.ip . We have also shown the existence of more than one 
DLM paths which give rise to shock-wave solutions. As reflected here, different 
choices of DLM paths in general give rise to different solutions. 

References 

[1] G.Dal Maso,P.G.Lefioch,F.Murat, Definition and weak stability of non-conservative prod- 
ucts, J. Math. Pures Appl. 74(1995), 483-548. 

[2] K.T. Joseph, P.L.Sachdev, Exact solutions for some non-conservative hyperbolic sys- 
tems,Intemat. J. Non-Linear Mech. 38(2003), 1377-1386. 

[3] A. Pal Choudhury, Singular solutions for a 2X2 system in nonconservative form with incomplete 
set of eigenvectors,arXw:1212.0664 [math.AP] (2012). 

[4] A.I.Volpert, The space BV and quasilinear equations, Mai/i. USSR Sb. 2(1967), 225-267. 

[5] Y.Zheng, Systems of conservation laws with incomplete sets of eigenvectors everywhere. Ad- 
vances in nonlinear partial differential equations and related areas (Beijing, 1997), World Sci. 
Publ, River Edge, AfJ.(1998), 399-426. 

Anupam Pal Choudhury 
TIFR Centre for Applicable Mathematics, Sharadanagar, Chikkabommasandra, Yela- 
HANKA New Town, Bangalore 560065, India 

E-mail address: anupamSmath. tif rbng.res . in 



